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£^ i Four decades after its first postulation by Bekenstein, black hole entropy remains myste- 

, rious. It has long been suggested that the entanglement entropy of quantum fields on the 

black hole gravitational background should represent at least an important contribution 
\J^) ' to the total Bekenstein-Hawking entropy, and that the divergences in the entanglement 

entropy should be absorbed in the renormalization of the gravitational couplings. In this 
talk, we describe how an improved understanding of black hole entropy is obtained by 
combining these notions with the renormalization group. By introducing an RG flow 
scale, we investigate whether the total entropy of the black hole can be partitioned in a 
"gravitational" part related to the flowing gravitational action, and a "quantum" part 
O |. related to the unintegrated degrees of freedom. We describe the realization of this idea 

• for free fields, and the complications and qualifications arising for interacting fields. 
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1. Entanglement entropy and black hole entropy 



The global Hartle-Hawking vacuum state on the Schwarzschild black hole, restricted 
to the exterior of the horizon, is a themal state at the Hawking temperature /foP 
Hence the horizon entanglement entropy matches the thermal entropy of the fields 
at the exteriorP It can be computed from a Euclidean partition function: 



S ent = -(pdp-l)lnZ(/3)\ p= p H , (1) 

where the /3-derivative introduces a conical singularity at the horizonP However, 
the same result can be achieved with an "on-shell" computation, starting from a 
path integral over metrics and matter fields with suitable boundary conditions, and 
approximating the gravitational path integral by the saddle-point evaluation at the 
solution g((3) of the effective equations of motion: 

*-S b [g]-S[gM _ f -r>„ P -r [3] ~ P -r [s(/3)] 



Z(J3) = J VgJ Vipe-^\-^9M = J Vge' l °^ « e ~WWi . (2) 

Then {fidp — l)ro [(?(/?)] gives the total black hole entropy, and the term of it repre- 
senting the matter contribution equals the entanglement entropy because the "on- 
shell" and the "off-shell" /3-derivatives coincided In a one-loop approximation, the 
matter contribution to effective action Tq can be computed with a heat-kernel ex- 
pansion using a UV regulator; its divergences can then be absorbed into a renormal- 
ization of the bare gravitational couplings in SjP^The purpose of this contribution 
is to exhibit this renormalization property of the entropy using the Wilsonian renor- 
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malization groufP to avoid working with divergences and infinite renormalizations. 
Many of the results are also derived and discussed at length in a companion paper J 



r [g}=T k [g}-\n J Vtpe * M^^> = n[g] + 1^ 



(4) 



2. RG and black hole entropy: free fields 

Let us consider first the minimally coupled scalar field. We define the gravitational 
effective action at a Wilsonian scale k by: 

e -r k [g] = e -s b[3 ] J V(ptr \ I ^ (3) 

where lZ k is an IR cutoff function, suppressing the momenta p < k and vanishing 
for p > k. The full effective action is then given by 

-V 2 

The second term of the right hand side contains an inbuilt UV cutoff at scale k, so 
it represents the contribution to Tq of the modes below k. The black hole entropy 
is computed using a heat kernel expansion to evaluate these quantities, evaluating 
on the Euclidean Schwarzschild metric g(/3), and applying the (f3dp — 1) operator. 
The result, to the lowest order in curvature, is: 

c A^k 2 

Thus the total entropy gets partitioned into an "effective gravitational" contribu- 
tion expressed in terms of the running Newton constant, and a term matching the 
expected expression for the entanglement entropy of the degrees of freedom below 
scale k. (However, the partition of degrees of freedom at scale k is defined here in 
the Euclidean path integral and lacks a straightforward Lorentzian interpretation.) 
An analogous computation for the nonminimally coupled scalar field gives: 

SBH = £r = M; + ^r{l~ c ) ■ (6) 

Here the £-term is not interpretable as entanglement entropy but as Wald en- 
tropy,'^*' being equal to 2ir(; J E (<p 2 ) computed with a UV cutoff at scale k. 



3. Interacting fields 

In the case of interacting fields, we need to keep track of the nontrivial running of 
the matter action caused by integrating the upper modes. We do this through the 
Polchinski RG flow equation.^ The partition function can be expressed as a path 
integral over the modes below scale k (with normalization factor N k ): 

Z = N k Jvpe~^ Ilp ^ lp - Skl9M , (7) 

using the Wilsonian effective action S k , defined by the path integral over modes 
above scale k, and the propagator P k , which is UV-cutoffed at scale k. We define 
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the gravitational effective action, T k = S k [g,(p = 0] an d the non-kinetic terms of 
the effective action for tp, Sk\g, <p] — S k [g, <p] — Tfc[g]. The entropy is expressed as 



>BH 



(pdp-l)T k [g] -(/%-!) In 



N k / Vipe-Hf p * V-Sfc[5,v] 



(8) 



where the first term represents the effective gravitational entropy at scale k, and 
the remaining term the contribution of the matter fields below k. The flow of each 
of these terms can be computed solving the Polchinski flow equation, 

• i(ss k ■ ss k r. /s 2 s k i \]\ m 

(where the overdot is a /c-derivative). However, this contribution of the second term 
in ((5J) cannot be identified in a naive way with "the entropy of the lower modes" 
as a subsystem, because in an interacting theory the modes below k are entangled 
with the modes above fcP^ This point is discussed at length elsewhere.^ 



4. Summary and outlook 

We have studied the black hole entropy Sbh in semiclassical gravity, defining it 
through a canonical partition function. Introducing a remormalization group scale 
k, the full effective action Tq from which Sbh is computed gets separated in two 
contributions: the gravitational effective action at scale k, from which an effective 
gravitational entropy is expressed in terms of the running Newton constant, and 
the path integral over field modes below scale k. In the minimally coupled free field 
case, the latter contribution can be identified with the entanglement entropy of 
the (Euclidean) modes below k; the interpretation is less clear for interacting fields. 
Further research is needed to clarify better the interacting case and to make contact 
with the computations of the gravitational effective action done using the Exact 
Renormalization Group, which have been also related to black hole entropy? 13 * 14 ! 
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